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Abstract 

We define the infinitesimal and geometric orders of an effective Klein 
geometry G/H. Using these concepts, we prove i) For any integer m > 2, 
there exists an effective Klein geometry G/H of infinitesimal order m 
such that G/H is a projective variety (Corollary 9). ii) An effective Klein 
geometry G/H of geometric order M defines a differential equation of 
order M + 1 on G/H whose global solution space is G (Proposition 18). 

1 Introduction 

As stated in the review of the book [19], in current mathematics it is mainly the 
scores of Lie groups and Lie algebras that are extracted from the great symphony 
of Sophus Lie. Later, mainly due to the efforts of E.Cartan, W. Killing and 
H. Weyl, the classification of semisimple Lie algebras and their representations is 
achieved as one the most beautiful and complete theories in mathematics. Going 
back to the transformation groups of S.Lie, what do the root systems, Dynkin 
diagrams, Weyl groups etc. really correspond to in terms of the infinitesimal 
generators of a transitive and effective action of the Lie group? Conversely, if we 
start with a transitive and effective action of a Lie group, what do prolongations, 
differential invariants and other fundamental concepts arising in Lie's framework 
of transformation groups correspond to in terms of the Lie group and its Lie 
algebra? The purpose of this paper is to take a modest step towards the answers 
of these questions in the spirit of the framework proposed in [13]. The technical 
results stated in the above abstract appear as byproducts. 

This paper is organized as follows. In Section 2 we work in the "universal 
envelope" of [13] and recall some well known facts about the infinite dimensional 
Lie algebra of formal vector fields J^Xp with bracket { , and fc-jets of vector 
fields JfeXp with the algebraic bracket { , } k induced by { , } 0o , refering to [4], 
[8], [17], [14] for more details. { , reduces the order by one (see (3)) and 
therefore does not endow Jk3Z P with a Lie algebra structure. 

In Section 3, we restrict our attention to geometries contained in the uni- 
versal filtration (1) and are defined by effective Klein geometries G/H. These 
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geometries define filtrations which stabilize at zero after a finite number of 
steps (see (9)). Using this fact, we define the infinitesimal order of an effective 
Klein geometry. This concept exists in the fundamental works [8], [17] and also 
in [4], pg.6. Now { , restricts to the A; -jets of the infinitesimal generators 
Jk(g)o C JfeXp of the action of G on G/H at some o 6 G/H. On the other 
hand, we define another bracket [ , ]& (see (11)) which also reduces the order by 
one. The definition of this new bracket uses only the Lie algebras Q, I) of G and 
H and seems to be unrelated to jets. Our main result (Proposition 5) shows 
that { , }k and [ ,]k coincide and become the bracket of q if G acts effectively 
on G/H and k is sufficiently large. This result allows us to detect jets inside 
(G, H) using only group theory. 

In Section 4, we consider |fc|-graded semisimple Lie algebras. This well 
known grading is induced by a choice of positive simple roots and seems to be 
totally unrelated to the grading in terms of jets used before. However, the main 
result of Section 4 (Proposition 8) shows that they indeed coincide. This fact 
implies the first result in the above abstract (Corollary 9), gives an affirmative 
answer to a question in [13] and also settles an open problem posed in [20] on 
pg. 325. It also opens the way to express many standard concepts in the theory 
of semisimple Lie groups in terms of jet theory by expressing them in terms 
of the coefficients of the Taylor expansions of the infinitesimal generators, but 
much remains to be done in this direction. 

In Section 5, we introduce the concept of geometric order of an effective 
Klein geometry. This concept exists also in [20] and is implicit in [16]. We 
prove the anolog of Proposition 5 on the group level (Proposition 14) and derive 
some consequences. The most notable is Corollary 16 which shows the existence 
of some canonical splittings. 

In Section 6 we show that Corollary 17 implies the second result in the 
abstract. The mentioned differential equation is an ODE if dimG/H = 1 and 
a system of PDE's if dimG/H > 2. This differential equation reduces to Lie's 
First fundamental Theorem when geometric order is zero and also generalizes 
the well known Schwarzian differential equation for Mobius transformations. 

In the Appendix we make some comments on the relation of our work to [8] , 
[17], [6]. 

2 Formal vector fields 

In this section we recall some well known facts in the form which will be needed 
in the next sections. We refer to [4], [8], [17], [14] for more details. 

Let M be a differentiable manifold with dim M — n and p <G M. Let X denote 
the Lie algebra of smooth vector fields on M and for lei, let (j oc X) p denote 
the oo-jet of X at p. We define the vector space (Joo%) p = {(jooX) p \ X e X}. 
For simplicity of notation, we denote ( JooX) p by in this section. Let Jk C Joo 
denote the subspace consisting of those (jooX) p vanishing at all orders up to 
and including order k > 0. We set J_i = Joo- Thus we obtain the following 
descending filtration of subspaces 
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... C J 2 C Ji C J C J_i = Joo (1) 

In the spirit of the framework proposed in [13], we call (1) the universal 
filtration at p 6 M. 

We now define the vector space Jk = Jk/ Jk+i , — 1 < k. Note that J_i = 
T(M) p = the tangent space of M at p. Thus we obtain 

Joe = J-i © Jo © Ji © J2 © (2) 

We define a bracket { , } M on J^ by {(j oc X) p , (joo^) P }oo = (joo[X,Y]) p . This 
gives a Lie algebra homomorphism X — > Joe defined by X ^ {jooX) p . The 
bracket { , } 00 turns J © Ji © J2 © • ■ • into a graded Lie algebra: { J , J, } C J i+ j , 
< i, j. We also have [J_i, J] C J-i, i > but [x,y] is undefined for x,y G J_i 
which can be checked using coordinates. It is standard to define [J-i, J-i] = 
and turn J x into a graded Lie algebra by setting J_2 = 0. This definition 
turns out to be incompatible with the present framework (see the paragraph 
below (24)). For this reason, we leave [J-i, J-i] undefined. Note that (1) is 
now a descending filtration of ideals inside Jo but not inside J_i = Joo since 
[J-i, Jk] C Jfc-i- 

We now truncate (2) at k — 1 and define Jk = J-i ©Jo © © Jfe-i, < k, 

so that Jo = J-i. Clearly, Jk = Joo/Jfe- An clement of Jk is called a fc-jet of 
a vector field at p and is denoted by (jkX) p . Thus (jkX) p = [(J<x>X)p]k where 
[(jooX)p]k denotes the equivalence class of (j oc X) p in Joo/Jfc- 

The bracket { , }oo gives the algebraic bracket 

{ , } k : Jk x Jk -> Jfe-i 1 < k (3) 

defined as follows: For (jkX) p , (jkY) p £ J k where (j k X) p = [(jooX) p ]k and 
UkY) p = [(jooY) p ]k, we define {{j k X) p , (j k Y) p } k = [(joo[X, Y]) p ]k-i- 

Let J k .j denote the kernel of the projection map iTkj : Jfe — » Jj, < j < fc— 1. 
Thus we have the exact sequence 

— > J fc j — » J fc ^4 J j — ► (4) 
Now { , } fc restricts to J fei o as 

{,}*;: Jfc,o x Jk,o — » Jfc,o (5) 

Thus J/j.o is a Lie algebra with bracket { , and is called the isotropy 
subalgcbra. In fact, let (<Sk) p be the Lie group of fc-jets of local diffeomorphisms 
with source and target at p. Any choice of coordinates near p identifies (G5fc)^ 
with the fc'th order jet group GLk(n) and Jk,o is the Lie algebra of (&k) p - 

Now let (&k)q denote the set of all fc-jets of local diffeomorphisms with 
source at p e M and target at q G M. If jk+i(.f) p q & (®fe+i)?, then jk+i{.f) p q 
induces an isomorphism \\jk+i{f)q ■ (JfeX) p — > (J k X) q . In particular, we obtain 
a representation of (©fc+i)^ on Jj., that is, a homomorphism 
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\ : (Cfc+OJ — > GL(J fc ) (6) 

defined by j k +i{f) p — > §jk+i(f) p . The representation \ is faithful. 

For an explicit formula for \ to be used in Section 5, let {jkX) p G J k and 
jk+i(.f)p E (<8fc+i)|J. The diffeomorphism foe tx o/ _1 is the identity when i = 
and defines curves starting at points near p. Differentiating these curves at t = 0, 
we obtain a vector field defined near p which we denote by ^(/ o e tx o / _1 )| t=0 . 
We have 

Vk+iimUkX),) =Mj t (f°e tx of-% =0 ) p (7) 
The infinitesimal representation induced by (6) is 

t> : Jfe+i,o — > g^fc) (8) 

A subset I C 4 is called transitive if (1) = Jk,o = T(M) P . 
The proof the next lemma is a straightforward computation in local coordi- 
nates. 

Lemma 1 Let 1 C J k be transitive and j k+1 {f) p p e (<8 k +i%- //ltf'k+i(/)pQ0 = 
Y for all Y e%, then j k +i{f) p p = id. 

The local formulas for { , } !XJ are obtained by differentiating the usual bracket 
formula [X, Y] = X a d a Y t — Y a d a X l successively infinitely many times, evaluat- 
ing at p and substituting jets. We denote the formula obtained by fe-times differ- 
entiation by A k , k>0. For instance, A is {(jooX) p , (joc^) P } 4 = X a Y 1 a -Y a X l a . 
We make use of these formulas in the proof of Lemma 4. 

It is also crucial to observe that if we replace X in the above construction by 
the germs of vector fields at p, we get the same Joo, since a partition of unity 
argument shows that any such germ comes from some lei This is far from 
being true in the (complex) analytic category. In this case, if (jooX) p = (jooY)p 
for some X, Y 6 X, then X = Y on M and so Joo contains global information. 
We have a special case of this situation below where for some integer to, (j m X) p 
uniquely determines X and (3) turns into an honest Lie bracket on some finite 
dimensional Lie algebra for k = m + 1. 

3 Infinitesimal order 

Let G be a Lie group (not necessarily connected) and H a Lie subgroup. G 
acts on G/H by L g (xH) = gxH. Other than this action, there is another fun- 
damental concept inherent in the definition of the homogeneous space G/H : 
the i/-principal bundle G — > G/H. To emphasize our choice in this paper, we 
make the following 

Definition 2 A global Klein geometry consists of the following: 

i) A homogeneous space G/H 

ii) The (left) action of G on G/H 
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In this paper, Klein geometry means a global Klein geometry. We denote a 
Klein geometry by G/H and call G/H effective if G acts effectively. If K is the 
largest normal subgroup of G contained in H, then G/H is effective iff K — {e}. 

We denote H by Go and the Lie algebras of G, Go by g, go- Now following 
[8], [17], we inductively define g k +i = {x e g k \ [x,g] C g k , < k}. Then 
Qk+i C flfc is an ideal for < k. Since g is finite dimensional, there exists an 
integer m such that g m +i — g m for all < i. Since g m C g is an ideal, there 
exists a connected and normal subgroup H <\ G_i with Lie algebra g m . Now 
H is contained in the connected component of Go since g TO C go- Therefore 
H = {e} if G acts effectively on G/Go- So we conclude g m = in this case. 

Definition 3 The integer m such that g m — but m -i ^ is called the 
infinitesimal order of the effective Klein geometry G/Go- 

Until Section 5, order means infinitesimal order. 

Therefore, an effective Klein geometry determines the descending filtration 

{0} c fl m _i c c g 2 c gi c g c g (9) 

Now, since Qk C go is an ideal, we have the homomorphism adk ■ go - * 
gl{g/gk) defined by ad k {x){y + g,) = [x, y]+Qk= ad x (y) + g fe where [ , ] is the 
bracket of g. We observe that ker(adfc) = Qk+i- This gives an alternative and 
more conceptual definition of the spaces in (9). In particular, we obtain the 
faithful representation 

ad k : go/gfc+i — > gl(&/&k) (10) 

(for simplicity of notation, we keep the same notation for maps when we pass 
to quotients or make identifications). 
We define the bracket 

[ , ]fc+i : g/gfe+i x g/gfc+i -> g/g fe < k (11) 

by [a + Q k +i,b + g/c+ij/c+i = [a, b] + g k . Since [g,g fc+ i] C g fc , [ , ] fe +i is well 
defined. Note that [ , ] m+ i = [ , ]• We also have the projection map 

7ffe,j : g/flfc g/flj 3 + 1 < k (12) 
with kernel Qj/Qk and the restricted bracket 

[ , }k ■ go/gfe x g a /g k g /g k 1 < k (13) 

which is well defined since g^ C go is an ideal. 

Now we also have the Lie algebra homomorphism g — > X which maps I 6g 
to its infinitesimal generator X € X, where X is the Lie algebra of smooth vector 
fields on M = G/Gq- Wc denote the Lie subalgebra of infinitesimal generators 
by g C X. Now g is isomorphic to g since the action is both transitive and 
effective. We define J k {g)o = {(jfe^)o I X e g, < k} C (J fc X) D . All the 
constructions of Section 2 can be done now with g at o and all the spaces 
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obtained in this way imbed in the spaces in Section 2 together with their grading. 
In particular, we obtain a filtration contained in the universal filtration (1). 
The restriction of (3) gives 

{ , }k+i ■ Jk+i(~9)o x Jfc+i(£j) -> J fc (g) < k (14) 

(14) follows from [14] but can be checked also directly. Note that Jo(g) = 
fl/flo = T(G/Gq) - The restriction of iTk,j gives 

7Tfe,j : Jfc(0) o — ► Jj(&)o j + l<fc (15) 
Clearly (15) commutes with (14). We have 

{ , }fe : Jk,o($)o x J k As)o -> Jk,o(&)o 1<£ (16) 
We also have the faithful representation 

h(B-i.Bo) : Jk+i,o(S)o — ► 9l{Jk{t)o) (17) 

The faithfulness of (17) follows from the infinitesimal analog of Lemma 1 
and the fact that Jk(Q)o C (JfeX) is transitive. 

To clarify the analogy between (11)-(14), (12)-(15), (13)-(16) and (10)-(17), 
we define the map 



k ■ Q^Jk(Q)o (18) 
Ok{x) = jk{x) k>0 

where x is the infinitesimal generator of x. Now 6k is clearly linear and is 
surjective by the definition of Jfe(g)o- 

Lemma 4 The kernel of 6k is flfe. 

Proof: We prove by induction on k that, for < k, (jkX) = if and only 

if x e flfe. 

For k = 0, the claim is that X(o) = if and only if X £ go. Let ir : G — > 
G/Go be the quotient map, inducing 7f = c?7r(e) : g — > g/go- By definition, 
X(o) = i| t=0 (e tx (o)) = 7f(^| t=0 e* x ) = 7f(X). Hence the claim follows. Now 

X £ Qk+l 



X £ Qk and [X, Y] £ g fc for all Y £ g (definition of Qk+i) 
(jkX) = and F] = for all Y £ g (induction hypothesis) 
^ (j fe X) = and j fe [X,y] o = for ally eg (19) 
(ife^)o = and {(j fe+1 X) , (j fe+ iF) } fe+ i = for all Y £ J (q) o 

(definition of { , }fe+i) 
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We now choose some coordinate system (x 1 ) around o and recall that the 
components of {(j k +iX) , (j k+1 Y) } k+1 are given by the formulas A ,Ai, ...,A k . 
Since (j k X) a = 0, all terms in the formulas Aq, A\, A k vanish except the last 

term in A k which is —Y a ^C a ^ k ^. Therefore, the last formula in (19) is equiv- 
alent to 

yti,-.^ for all Fe Mb)o (20) 

Since Jfc(g) is transitive, (20) is equivalent to ii = 0, that is, 

{j k+ \X) = 0. This completes the inductive step. □ 
Lemma 4 gives the linear isomorphism 

k ■■ fl/flfe — > Jk(g)o (21) 

and its proof shows that (9) coincides with the filtration described above inside 
the universal filtration (1). 

Proposition 5 The diagrams 



fl/flfe ► 


Jk(&)o 










/ °J 


Jj{t)o 






[ . ]fc+l 


s/Qk 


X adk 


{ , }fc+l 




X Jk+l($)o 


Jfe(0), 



(22) 



(23) 



commute where k > 0. 

Proof: The commutativity of the first diagram is straightforward. As for the 
second, for X, Y e g_i we have 

{9 k +i(X + Qk+i),8 k +i(Y + Qk+i)}k+i = {{jk+iX)o, (jk+iY)o}k+i 

= [{jco {X,Y }) ] k 

= [U oo[X,Y ]) ] k 
= (jk[X,Y}) 

while 



e k ([x + Qk+1 ,Y + Qk+1 }k+i) = e k ([x,Y] + Qk ) = (j k [x,Y}) □ 

Thus we also obtain the linear isomorphisms 6 m : g — > J TO (g) , : 0o/flfe — » 
^fe,o(fl)o C (Jfe,o^)o and the commutative diagram 

a4 : flo/flfc+i — > gl(8/3k) 

II #fc_ II ^fe (24) 

b i(B,0o) : J fc+i,o(fl)o — > gi(Jk(8)o) 
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Lemma 4 and Proposition 5 show that J m (g)o = Jm+i{s)o and (H) gives 
the bracket { , } m +i : Jm{s)o x Jm($)o —> Jm(s)o which coincides with the 
bracket of q. Therefore 6 m is also a Lie algebra isomorphism. This statement 
holds also for m = 0, that is, when Go is discrete. For m = 0, note that the 
standard notation g_i for g and the extension of the formula (11) to fc = — lis 
incorrect in the present framework if q is not abelian. 

Definition 6 Let G/Gq be a any Klein geometry whose descending filtration 
stabilizes at {0}. Then G/Gq is called almost effective. 

If G/Gq is almost effective, then K is discrete as we show in Section 5 
(see the paragraph before Lemma 10). Therefore the effective Klein geometry 
q^ k defines the same filtration as G/Go and has order m. This fact is used in 
Proposition 8 and Corollary 9. 

In this section we worked excusively at the point o G G/G . Using homo- 
geneity, all the above constructions can be done at any point p G G/G . This 
fact is needed only in Corollary 17. 

4 Parabolic geometries 

Let s be a |fc|-graded semisimple Lie algebra over F = R or C, k G Z. Thus 



To recall the grading in (25), we first assume that F = C, s is a semisimple Lie 
algebra and p C s is a parabolic subalgebra. We can find a Cartan subalgebra 
and a set of positive roots such that p is standard with respect to a set £ of simple 
roots. Now the S- height gives a |fc|-grading on s, where k is the E-height of the 
maximal root of s which gives the grading (25) with p = s ©Si ©•••• ©Sfe_i ©s^. 
For F = M, the complcxification s c = g is also \k (-graded and s is a real form 
of the complex pair (fl,p). For our purpose in this section, the relevant fact is 
that the origin of grading in (25) seems to be totally unrelated to the gradings 
defined above in terms of jets. 

Let S be a Lie group with Lie algebra s and P C S a Lie subgroup with Lie 
algebra p. To be consistent with our notation above, we should denote P by So 
but we will not do this. 

If x G p satisfies [x,s] G p, then the grading in (25) implies x G 5k and 
clearly [sk,s] G p. Further, if x G Sk satisfies [x,s] G Sfc, then x = 0. This fact 
implies the following 

Proposition 7 The Klein geometry S/P is almost effective with descending 
filtration 



5 = S- k fflS-fc+l © ....S_l ©So ©Si © .... ©Sfc_i ffiSfc 



(25) 



{0} G S k G p G S 



(26) 
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We rewrite (25) as s = p~ © So © p + . Since p~, p + are dual with respect to 
Killing form, they determine each other and (26) involves a redundancy. Our 
purpose is to increase the lentgh of (26) by exploiting this redundancy. 

To simplify things and also to be specific, we assume S = SL(n,¥), n > 2, 
So is the Cartan subalgebra of diagonal matrices, and p is the Borel subalgebra 
of upper triangular matrices so that k = n — 1 in (25). However, the main idea 
of our construction works in the broader context of (25). 

We start by choosing an abelian subalgebra of s_i which we denote by a_i. 
For instance, some 1-dimensional subspace of s_i will do. If n = 6, then the 
matrices A(2, 1), A(A, 3), A(6, 5) in the standard basis having l's in the indicated 
entries and O's elsewhere belong to s_i and they commute. Thus we can choose 
dima_i = 3 in this case. It is easy to check that dimo_i can be at most [^]. 

Having fixed o_i, we now define f) = o_i ©p. Since any x G a_i is a common 
eigenvector for all y € So, it follows that [d-i,So] = a_i C f). Using the grading 
and the fact that a_i and p are both subalgebras, we conclude that () C s is a 
subalgebra. Note that f) is neither semisimple nor solvable (compare to pg. xvi 
of the Introduction of [11]). We now choose a Lie subgroup H C S with Lie 
algebra \) and H/P defines the descending filtration 

f) = a_i ©p = a_i ©s © .... ©s„_i (27) 

1)0 = p = s © .... ©S„_i 

1)1 = Siffi....ffiS„-i 

1)2 = S2 ©••••© «n-l 



f)n-l — S„_i 
i)n - 

Lemma 4 and Proposition 5 show that (27) is consistent with the order of 
jets and (27) shows that H/P is almost effective. We define G = H/K and 
Go = P/K where K is discrete and obtain 

Proposition 8 The order of the effective Klein geometry G/Go is n. 

Note that l)i/f)2 = Si = the span of positive simple roots. Now (22) gives 

— l)i/f) 2 — > f)/f)2 ^> Mi — 

le 2 le 2 lei ( 28 ) 

— J 2 ,l(0)o — » J 2 (fl)o ^ Jl(fl)o — 

Thus J2, i(g)o completely determines the Lie algebra structure of s. However, 
this is not so for f) due to the arbitrariness involved in the choice of o_i. 

For F = C, S/P is known to be a projective variety. Since H/P is closed in 
S/P and G/G = H/P, we obtain 
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Corollary 9 For every integer n > 2 and d, 1 < d < [^], i/iere exists an 
effective Klein geometry G/Gq of order n such that Gj Go is a projective variety. 

We know nothing about the structure of the projective varieties given by 
Corollary 9 in general. Even the simplest case dim a_i = 1 raises some questions 
about these Riemann surfaces whose answers we do not know. 

We conclude this section with the following remark: The tangent space 
T(S/P) of S/P is s/p = s_„+i ffis_ n+ 2 8 ....S-i. Therefore the filtration (27) 
(starting with f)i) determines a filtration in T(S/P) which, to our knowledge, 
is observed and studied first in [2] (see also [3]) in the framework of general 
parabolic geometries defined using principal P-bundles. 

5 Geometric order 

In this section we resume our framework of Section 3, assume that G/Go is 
effective and G is connected. Following [16], we inductively define Gk+i = {g £ 
Gk | Ad(g)x — x EQk for all x G g, < k} where g~k is the Lie algebra of Gk- 
Now Gk+i < Gk is a normal subgroup for k > 0. Thus we obtain the filtration 

.... C G 2 c Gx C G C G (29) 
(29) defines the filtration 

• Cfl 2 Cfli cg eg (30) 

where g^ is the Lie algebra of Gk for k > 1. Note that Gk+i is the kernel 
of Ad k : G — > GL(g/g k ) defined by Ad k (x)(y + g k ) = Ad x {y) +g k which gives 
the faithful representation 

Ad k : G /G fe+1 — > GL(g/g k ) (31) 

If p : G — > R is any homomorphism of Lie groups with differential dp : g — > r, 
then kcr(rfp) is clearly the Lie algebra of ker(p). This fact together with the 
definitions of g~k and gk shows jjfc = gk- In particular, g m = {0} and G m is 
discrete. If G/Gq is almost effective with g m = {0}, then K C G m because (29) 
stabilizes at K which is therefore discrete. 

Lemma 10 For an effective Klein geometry G/Gq with the descending filtration 
(9), we have either i) G m = {e} or ii) G m ^ {e} and G m+ \ = {e} 

Proof: Suppose G m ^ {e}. Since G m +i is the kernel of Ad m : Go — > 
GL{g/g m ) = GL(g), we have G m +i C kci(Ad : G -> GL(g)) = Z(G) = center 
of G since G is connected. Therefore G m+ i C Z(G) (~l Go = {e} since the action 
is effective. □ 

Definition 11 The integer M satisfying Gm — {e}, Gm-i ^ { e } * s ca^/ed i/ie 
geometric order of the effective Klein geometry G/Gq 
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Lemma 10 shows that M — morM = m + l for an effective Klein geometry. 
How do we decide which one is the case? ii) below hints that the answer is 
related to the fundamental group of G/Go- This is expected since fundamental 
group is the new issue when we pass from Lie algebra to Lie group. 

Setting k — M — 1 in (31), we obtain 

Proposition 12 Let Go be any Lie group. Suppose there exists a connected Lie 
group G satisfying a) Go C G is a Lie subgroup b) G acts effectively on G/Gq. 
Then Go is a matrix group. 

Now Go is the stabilizer of the point o. Therefore, g E Go defines the 
isomorphism \\j k +i(L g )° : (J k X) Q — > (J k X) a and we obtain the representation 

Ad k : Go — > GL((J k X) ) (32) 

defined by g i— ► \\j k+ i(L g )°. In fact, for g E Go, X E g, it follows from (7) that 

\\i k+1 {L g )° ((j k X) ) = jk(-^(L g o L e tx oL g -i) t= o))o 

= 3k(-^(L ge tx g -i)t=o)o 

= j k (Ad(g)X) (33) 

Note the fundamental difference between (7) and (33): (7) is local whereas (33) 
is global and involves analyticity. 
(33) shows that (32) restricts as 



Ad k ■ Go — GL(J k {Q) ) (34) 

Lemma 13 The kernel of Ad k is G k+ \. 

Proof: Let g £ kei(Ad k ) so that \\jk+i(L g )° is identity on Jfc(g)oi that is, 
\\3k+i(Lg)Z((jkX)o) = (jk X) for all X E _i. Now (33) gives j k (Ad(g)X)) = 
(jkX) or equivalently j k (Ad(g)X — X) a = 0. By Lemma 4, this condition is 
equivalent to Ad(g)X — X E g k =g k and therefore to g E G k +i by the definition 
ofGfc+i. □ 

Proposition 14 There is a canonical injection of Lie groups : Go/G k — > 
(e k )° ~G k (n), n = dim G^/G Q . 

Proof: We define the homomorphism Go — > (®fc)° by g — > j k {L g )°. By 
Lemma 1, j k (L g )° — id if and only if \\j k (L g )° = id and the conclusion follows 
from Lemma 13. □ 

Lemma 13 gives the faithful representation Ad k : Go/G k+ \ — > GL(J k (g) ), 
and Propositions 5, 14 give the commutative diagram 

Ad k : Go/G fc+ i — ► GL(g/g k ) 

II $fe+i II k _ (35) 

ho,G ) ■ ®k+i(G /G k+1 ) — > GL{J k ( Q ) ) 
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which is the group analog of (24). 

Setting k — M in Proposition 14 gives 

Corollary 15 There is a canonical injection of Lie groups $m : Go — ► (<3m)£ 

The following two special cases of Corollary 15 are of special interest. 

i) Let P C SL(n,C) be the Borel subgroup of upper triangular matrices. 
Then there exists a discrete and normal subgroup K C P such that P/K injects 
canonically into (<5i)o — Gm(1), where M — n or n+1. To prove this statement, 
we recall the construction of G/Go in Proposition 8 and choose dima_i = 1. 

Before we state ii), we recall the main result of [15]: A smooth manifold 
X is determined up to diffeomorphism by the abstract Lie algebra structure of 
X. This statement holds also in the analytic category and we refer to [5] for an 
extensive literature on the generalizations of this result. It turns out that certain 
subalgebras of X also determine X. In the analytic category all the information 
in X is encoded at one point. The next statement shows how the fundamental 
group is encoded in first order jets in a special case. 

ii) Let G be simply connected, Go C G discrete and G/Go effective. Then 
we have the canonical injection m(G/Go, o) — ► (©i)° and the faithful represen- 
tation m(G/Go,o) — > GL(q). For the proof, we note that Go — ni(G/Go,o) 
since Go is simply connected and m = since Go is discrete. Assuming that 
Go 7^ {e}, we conclude M/0 and therefore M — 1 by Lemma 10. We now set 
fc = M- 1 in (35). 

The next corollary is an extension of Corollary 15. 

Corollary 16 For any integer k > 1, there is a canonical injection <3>M+fc : 
Go — ► (&M+k)o which makes the following diagram commute: 



(©M+feJ ' yOM) 

U M (36) 
Go 

Proof: We define 3>M+fc as in the proof of Proposition 14. □ 
In the same way as Levi-Civita connection is the object canonically de- 
termined by a Riemannian structure, the splitting given by (36) implies the 
existence of some objects canonically determined by some geometric structures. 
This problem will be studied elsewhere (see [2], [3] for the standard but very 
different approach to this problem). 

We single out the next fact, which is essentially equivalent to Corollary 15, 
as a corollary for reference in Section 6. 

Corollary 17 Let a, b 6 G satisfy L a (p) = L&(p) = q, for some p,q E G/Go- 
If jM{L a ) p q = jM(L b )P, then a = b. 

Proof: First we assume p = o. Now j M (L a )° q = jM(L b )° iff 3M(L a -i) q o 
jM{Lb)° q = jM{L a - 1 b)°o = id. Therefore a~ 1 b £ Gm = {e} and a = b. The claim 
for arbitrary p follows from homogeneity. □ 
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6 Differential equations of finite type 



In this section, we derive an important consequence of Corollary 17. 
Following Lie, we write the action of G on G/Go locally as 

f i (x 1 ,x 2 ,...,x r ,y 1 ,y 2 ,...,y n ) = z i l<i<n (37) 

where dimG/Go = n and (y l ), (z l ) are local parameters for G/Gq, dimG = r 
and (x z ) are local parameters for G. We write (37) shortly as f(x,y) = z and 
fix some x,y,~z with f(x,y) = ~z. Thus x G G determines the diffeomorphism 
z = z(y) defined by f(x, y) = z. The fc-jet jfc(x)| of this diffeomorphism is given 

by 

^f^y) = ^l i y ) 0<H<fc (38) 

dyi* dyv x ' ~ 1 1 ~ ' 

Corollary 17 asserts that x is uniquely determined by (38) for < |u| < M. 
Thus we can solve x in terms of y and ^jf(y) from (38) for < \u\ < M and 
substitute the result into (38) for < |u| < M + 1. The result is 

(y)) = — (y) 1 < |„| < M + 1, < \a\ < M (39) 

for some functions <I>^. The form of (39) does not depend on the choices x,y. 
Regarding y as a variable, (39) defines a system of PDE's of finite type. If 
dimG/Go = 1, then (39) is a system of ODE's. We can write (39) in a coordi- 
nate system such that we have also < \<r\ < \u\ . The number of equations in 
(39) is dimGM+i(fi) and dim Go of them are dependent. 
To summarize, we have 

Proposition 18 An effective Klein geometry G/H of geometric order M de- 
fines a differential equation on G/H of order M + 1. The global solution space 
of this differential equation is G. 

In order to solve the group parameters uniquely from (38), the number of 
unknowns should not exceed the number of equations. This gives an inequality 
relating M, dimG and dirni?, which is analogous to the inequalities in [12] (see 
pg.161-162). 

Two instances of Proposition 18 are well known: 

1) Note that M = iff Go = {e} so that a Klein geometry G/Go of geometric 
order zero is nothing but the Lie group G together with the left action of G on 
itself. In view of the simple computation in the proof of Theorem 5 in [14] on 
page 178, (39) becomes 

f^ = C(*K(y) (40) 
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where the vector fields ^ = Cjd a are the infinitesimal generators of the action 
and the 1-forms u l = uo l a dx a on G are components of the Maurer-Cartan form. 
Therefore Proposition 18 reduces to Lie's First Fundamental Theorem. 

2) Let G = SL(2, C) and H = the subgroup of upper trangular matrices 
and K = {±7}. Now G = G/K can identified with the group M of normalized 
Mobius transformations 

az + b 

= w, ad — bc^l, (41 

cz + d y ' 

G/H — ^jj?- = G/Go with the complex sphere S and the effective action of G on 

G/Go with the effective action of Ai on S as point transformations. In this case 

M = 2 and the process of deriving (39) from (37) amounts to differentiating (41) 

three times and eliminiting the group parameters (see pg.21 of [14] for details). 

We have dim £3(1) = 3 equations in (39) and dim Go = 2 of these equations are 

dependent. In fact, the first two equations reduce to identities and the third 

one is the well known Schwarzian ODE 

»'» = ^ (42) 
2 w' 

We refer to [14], [12] on the relation of (42) to differential invariants and to 
[9] for the use of (42) in defining projective structures on Riemann surfaces. 

Note that the second statement of Proposition 18 is rather a definition than 
an assertion. We refer to [19] for a categorical approach to the global formulation 
of PDE's and their symmetries in terms of diffieties and to the classical book 
[11] for a systematic study of symmetries of differential equations. 

We arrived at (39) starting from geometry. Conversely, we can also start 
with differential equations of finite type and study their geometrization as in 
[21], [22]. It is therefore no coincidence that semisimplc Lie groups, parabolic 
subgroups and projective imbeddings arise naturally also in [21], [22] as in this 
paper. This geometrization problem is studied for general exterior differential 
systems in the influential paper [18]. 

It is standard to take the bundle G — > G/H as the basis of a Klein geometry 
and generalize G to an auxiliary but extremely useful object on which a Lie 
group H acts freely (see the Foreword of [16] by S.S.Chern for a very concise 
formulation of this point of view) . It is well known that this approach has been 
remarkably successful with far reaching results. However, we believe that the 
approach to geometry based on transitive actions of Lie groups has also much 
to offer. 



7 Appendix 

All ingredients of our constructions in Section 3 are contained in the fundamental 
papers [8] , [17] in much more generality and we make here some comments on the 
relation of Section 3 to these works, emphasizing the novelty of our approach. 
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Let g C gliy) be a subalgebra. Following [8], [17], [7], we set pr$g = g and 
define the fc'th prolongation pr^g of g inductively by the formula pr^g = {S G 
Hom(V,prk-ig ) | S(v)w — S(w)v, for all v,w G V}. 

Definition 19 g C ffi(^) is caZ/erf finite type if pr m g = for some m. If 
PTihQ = and prfh-iQ ^ 0, m is called the prolongation order of g C gl(V). 

The best known matrix algebras which are finite type are the orthogonal, 
conformal, projective and affine algebras (see [8], [17] for details). As far as we 
know, for all first order G-structures studied so far in geometry, either the Lie 
algebra g of G is of infinite type (as in symplectic or complex structures) or of 
finite type with m < 2. 

Next setting k = in (24), we formulate 

Definition 20 arfo(flo/fli) C gl(g/go) is called the first order isotropy algebra 
of the effective Klein geometry G/Go- 

It is now easy to prove the following 

Proposition 21 The infinitesimal order m of the first order isotropy algebra 
ae?o(flo/Si) c .^(s/So) °f an effective Klein geometry G/Gq satisfies m < rh 
(where we set rh = 00 if ad o (flo/0i) is of infinite type). 

Also, the concept of a rigid geometric structure is introduced in [6]. These 
structures are characterized by the fact that their infinitesimal automorphisms 
are determined by their jets of some fixed order. In view of our results in this 
paper, it is not surprising that this concept turns out to be equivalent to first 
order G-structures being of finite type, as shown in [1] . We believe that there 
is much conceptual overlap with [6], [1] and this paper. 
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